CONSTRUCTING DYNAMICAL TWISTS OVER A 
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Abstract. We give examples of dynamical twists in finite-dimensional 
Hopf algebras over an arbitrary Hopf subalgebra. The construction is 
based on the categorical approach of dynamical twists introduced by 
Donin and Mudrov [DM1| . 



Introduction 

The theory of dynamical quantum groups initiated by G. Felder |F1| is 
nowadays an active branch of mathematics. This theory arose from the no- 
tion of dynamical Yang-Baxter equation, also known as the Gervais-Neveu- 
Felder equation in connection with integrable models of conformal field the- 
ories and Liouville theory, see for example |F2) , |GN) , |ABB| . For a detailed 
review and bibliography on the dynamical Yang-Baxter equation the reader 
is referred to lEl, lESI, IFE. 



In [B], |BBB| ■ the notion of Drinfeld's twist for Hopf algebras was gen- 
eralized in the dynamical setting. A dynamical twist for a Hopf algebra 
H over A, where A is an abelian subgroup of the group of grouplike ele- 
ments in H, is a function J(A) : A — > {HCS)H)^ satisfying certain non-linear 
equations. When the group A is trivial we recover the notion of Drinfeld's 
twist. When H is a quasi-triangular Hopf algebra with i?-matrix R then 
7^(A) = J~^{X)^^ RJ{X) satisfies the dynamical quantum Yang-Baxter equa- 
tion. See [EFT] . 

In the finite-dimensional case, dynamical twists were studied first in [ENlj 
and later in [Mj. In the first paper dynamical twists over an abelian group for 
the group algebra of a finite group are classified. Following closely this work, 
in dynamical twists over an abelian group for any finite-dimensional 
Hopf algebra are described. 

In this work we extend the results of [M] in the case where A is an ar- 
bitrary Hopf subalgebra of H. To this end we rely on the definition and 
categorical construction of dynamical twists introduced in [DMlj from dy- 
namical adjoint functors. Here, the Hopf subalgebra A plays the same role 
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as the Levi subalgebra of a reductive Lie algebra in |DM1] . As in [M], the 
language of module categories has been used with profit. 

The contents of the paper are organized as follows: in Section 1 we recall 
the notion of stabilizers for Hopf algebra actions introduced by Yan and Zhu 
|YZ] , and the definition of module categories over a tensor category. 

In Section 2 we give a brief account of the results and definitions appeared 
in jDMl| . We explain the definition of dynamical extension of a tensor 
category, dynamical twist and dynamical adjoint functors. We also recall the 
construction of a dynamical twist coming from a pair of dynamical functors. 

Section 3 is devoted to the construction of dynamical twists for a finite- 
dimensional Hopf algebra H over a Hopf subalgebra A. Following [ENl] we 
shall say that a dynamical datum for {H,A) is a pair {K,T), where 

• K is a //-simple left i/-comodule algebra with K'^°^ = k, 

• and T : Rep(A) — > k-M. is a functor such that 

for any V,W (z Rep(^) there are natural isomorphisms 

StahK{T{V),T{W)) ~ (Ind;^ (y^tW^*))*- 

For any dynamical datum {K,T) we shall show that the pair {T,R), where 
R : Kep{H) — > Rep(A) is the restriction functor, is a pair of dynamical 
adjoint functors. Therefore, applying the tools explained in Section 2, we 
obtain a dynamical twist over the base A. This construction generalize the 
procedure appeared in [M] when ^ is a commutative cocommutative Hopf 
subalgebra. Also, we shall prove that any dynamical twist based in A for H 
comes from a dynamical datum. Finally we show some explicit examples of 
dynamical data. 

1. Preliminaries and notation 

Throughout this paper k will denote an arbitrary field. All categories 
and functors are assumed to be k- linear. All vector spaces and algebras are 
assume to be over k. If K is an algebra, we shall denote by the category 
of finite-dimensional left /C-modules. 

If y is a vector space, we shall denote by ( , ) : V*(>^ty — ^ ^ the evaluation 
map. 

By H we shall denote a Hopf algebra with counit £, and antipode S. We 
shall denote by Rep(i/) the category of finite-dimensional left -ff-modules 
emphasizing the canonical tensor structure. 

If K is an iJ-comodule algebra with coaction 5 : K ^ H®K, an H- 
costable ideal of -fC is a two-sided ideal I of K such that 6{I) C H(^I. We 
shall say that K is H-simple if it has no non-trivial ff-costable ideal of K. 

We shall denote ^ A4k the category of left i/-comodules, right X-modules 
such that the ii'-module structure is an i/-comodule map. If P G ^M.k 
then Endii-(P) has a natural left ff-comodule algebra structure via 5 : 
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Endx(P) H(g)^EndK{P), T i— > r(_i)(8)T(o), determined by 

(1.1) (a,T(_i))ro(p) = (a,r(p(o))(_i)5^^(p(_i)))r(p(o))(o), 

T G Endi^(P), peP,aeH*. See [XMl Lemma 1.26]. 

Lemma 1.1. Let A H be a Hopf subalgebra and V an A-module. The 
space Hom/i(i7, y) has a natural H-module structure and there are natural 
H-module isomorphisms 

(Ind;^ V)* c^YLom a{H,V*). 

Proof. The i/-module structure on Hom^(i7, y) is as follows. If t, /i € 
T £ RomA{H,V) then 

{h-T){t) = T{th). 
It is not difficult to prove that the maps 

B : (Ind^ V)* }iomA{H,V*), 

6 :}iomA{H,V*) (ind^ V)* , 

given by the formulas 

e{a){h) = Y,a{S{h)(^v^) v\ 

i 

e{(3)(h^) = {P{s~\h)),v), 

are well defined isomorphisms, one the inverse of each other, and they are 
i7-module maps. Here a G (ind^ V)* , P £ Hom^(ff, F*), and (vi), (u*) are 
dual basis for V and V*, h e H, h®v G Ind^ V. 

□ 

1.1. Stabilizers for Hopf algebra actions. We recall very briefly the 
notion of Hopf algebra stabilizers introduced in |YZj . see also |AMj . 

Let -R' be a finite-dimensional left ff-comodule algebra and V, W two left 
X-modules. The Yan-Zhu stabilizer Stabx(^, 1^) is defined as the intersec- 
tion 

Stabx(^,W^) = RomK{H*0V,H*0W)nC{H*0Rom{V,W)). 

Here the map C : H*(^Rom{V,W) Rom{H*(»V, H*(^W) is defined by 
>C(7®r)(^(g)u) = 7C0r(u), for every 7,^ G iJ*, T G Rom{V,W), v eV. 

The X-action on H*^V is given by 

k ■ (703^) = ^ 7 (g) ^(0) • V, 

for all k £ K , J e H* , V e V . Here ^: H^H* H* is the action defined 
by {h j,t) = (7,5"^(/i)t), for all h,t € H, £ H*. Also, we denote 
Stabi^(y) = StahKiV,V). 
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Proposition 1.2. \AM\ Prop. 2.7, Prop. 2.16] The following assertions 
holds. 

1. For any left K -modules V, W, U there is a natural composition 

Stabx(V, W)®t Stabx(C/, V) Stabx(C/, W) 

making Stabi^(y) a left H -module algebra. 

2. If K is H -simple then 

(1.2) dim(K) dim(Stabx(V, W)) = dim(1/) dim(P7) dim(if). 

3. For any X € Rep(//) i/iere are natural isomorphisms 

Homj^(X, StabA'(F, W)) ~ Hom;^(X®ky, 1^), 

where the action on X®}^V is given by the coaction of K . □ 

The following result concernig Yan-Zhu stabilizers will be useful later. If 
A C i/ is a Hopf subalgebra, and R = C K is a left A-Hopf Galois 

extension then there are -ff-module algebra isomorphisms 

(1.3) Stabi^(y, W) ~ RouiAiH, Romn{V, W)) 

for any left ii'-modules V, W. Worth to mention that the action of A on 
}iomR{V,W) is given by 

(a-T)(?;) =aW •r(a[2] -i;), 

for alia e A,T £ RomniV, W), v eV. Recah that the map 7 : A ^ K^rK, 
7(a) = a'-'^'c^a'^l is defined by 7(a) = can^^ (afSil) , where can : K(S)rK — > 
A^^K is the canonical map can{k®s) = A;(_i)(E)/c(o)S, k,s & K. For more 
details see [Schl Rmk. 3.4], [SMI Thm. 2.23]. 

1.2. Module categories. We briefly recall the definition of module cate- 
gory and the definition introduced by Etingof-Ostrik of exact module cate- 
gories. We refer to [01], ^02], [EQ] . 

Let us fix C a finite tensor category. A module category over C is a 
collection {M,^,m,l) where A4 is an Abelian category, ^ : C x A4 ^ 
Ad is an exact bifunctor, associativity and unit isomorphisms mxy,M '■ 
{X(S)Y)0M X^{Y0M), Im ■■ l^M ^ M, X,Y £C, M £ M, such that 

(1.4) mx^Y,z^M fnxm,z,M = i}'^ x^my^zM) f^x,Y(g,z,M (ax,Y,z«)idM), 

(1.5) (idx<X)ZM)?7ix,i,M = '"x^idM, 

for all X, y, Z G C, M € A4. Sometimes we shall simply say that M. is 
a module category omitting to mention (S),m and / whenever no confusion 
arises. 

In this paper we further assume that all module categories have finitely 
many isomorphism classes of simple objects. 
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Let Ai, Ai' be two module categories over C. A module functor between 
Ai and A4' is a pair {T, c) where : A4 ^ Ai' is a functor and cx,m ■ 
!F{X®M) — > X®J^[M) is a family of natural isomorphisms such that 

(1.6) ^'x,Y,T{M) cx(S)Y,M = (id cy,m) cx,y^m^{'<^x,ym)-- 
(1-7) ^'r(M) ci,M = J^{Im), 

for all X,Y e C, M e M. U {g,d) : M ^ M' is another module functor, a 
morphism between {J^, c) and {Q, d) is a natural transformation a : J- ^ Q 
such that for any X G C, M G A^i: 

(1-8) dx,M^x<^M = (id x'S)aM)cx,M- 

The module structure over © A^' is defined in an obvious way. A 
module category is indecomposable if it is not equivalent to the direct sum 
of two non-trivial module categories. 

A module category A\ is exact |EOj if for any projective object P & C 
and any M € the object P^M is again projective. 

1.3. Module categories over Hopf algebras. Let H hea finite-dimensional 
Hopf algebra. Let K he a left ff-comodule algebra. Then xAi is a left 
module category over Rep-ff via the coaction \ : K ^ H ® K. That is, 
(g) : Rep H x xAd kM is given by 

X®V := x®iy, 

for X G Rep H and V G kAA. with action k ■ {x®v) = • x ® /c(o) • v, for 
all A: G i^T, X G X, w G y. Moreover, any exact module category is of this 
form. 

Theorem 1.3. 1. If K is H -simple left H-comodule algebra then xAi 
is an indecomposable exact module category. 
2. If Ai is an indecomposable exact module category overJiep{H) then 
there exists an H-simple left H-comodule algebra K such that Ad ~ 
kM. 

Proof. See [SMI Prop. 1.20, Th. 3.3]. □ 

Let S be another iJ-simple left /f-comodule algebra. 

Proposition 1.4. [AM^ Prop. 1.24] The module categories xAi, sAi over 
Rep(ff) are equivalent if and only if there exists P G ^Atx such that S ~ 
J^ndx (Pk) 0.S H -module algebras. Moreover the equivalence is given by F : 
kM ^ sM, F{V) = P^kV, for allV (£ kA4. □ 

2. Dynamical twists constructed from dynamical functors 

We recall a construction due to Donin and Mudrov of dynamical twists 
from dynamical adjoint functors, see [DM 11 §6]. There are some differences 
in our statements and those appeared in loc. cit. since we use left module 
categories instead of right ones. 
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2.1. Dynamical extensions of tensor categories. In |DM1] for any ten- 
sor category C and a module category Ai over C the authors introduced a 
new tensor category, that we will denote by ix C This tensor category is 
called the dynamical extension of C over A4. 

Objects in the category M t< C are functors Fx : M ^ M, Fx{M) = 
X(8)M, for all X C, M £ A4. Morphisms are natural transformations. 
Observe that for each / € Homc(X, y) there is a natural transformation 
rjf : Fx Fy, given by 

(r//)M : X^M ^ y^Af, {r]f)M = f^ldu, 

for all M £M. 

We briefly recall the monoidal structure of x C The tensor product is 
Fx^Fy = Fx^Y, X,Y (^C, and the associativity constraint is 

ax,Y,z ■■ {Fx®Fy)®Fz Fx®{Fy®Fz), (ax,Y,z)M = {ax,Y,z®l<^ m), 

for all M G M. For any X £ C the left and right unit isomorphisms are 
given by 

Ix ■■ Fx^Fi ^ Fx, rx : Fi^Fx ^ Fx, 
where lx,M = Ix'^ld m and rx = rx&d m for all M £ M.. 

If T] : Fx Fz, (j) ■ Fw are two natural transformation the tensor 

product ry(8)0 : Fx<^y Fz^w is given by the composition 

(2.1) {ri®4>)M = m^wM^wmi'^^'^ ^®^M)mxYM, 
for all M G 7W. The unit element is F\. 

Remark 2.1. Note that for any X,Y,U,V £ C and f : X ^ Y,g : U ^ V , 

(2.2) {r]f®r)g)M = {f(^g)0idM, 
for all M eM. 

Proposition 2.2. If A4 ^ Af as module categories then there is a tensor 
equivalence M. k C N ^ C. 

Proof. Assume that {!F, c) : M. ^ M and {Q ,d) : M —* \s a pair of equiv- 
alence of module categories. Let : Id — > o (/ be a natural isomorphism 
of module functors, that is satisfies 

(2-3) (^x,g{N) ^{dx,N) ()x®N = '^^x^On, 

for ah X G C, iV G M. 

Define <^ : Mv.C ^ M the functor = Fx, for any X G C. Here, 

we denote Fx : ^ TV the functor Fx{N) = X®N , for all N. li 
X,Y £ C and r] : Fx — > Fy is a natural transformation then <I>(r/) : Fx — > Fy 
is given by the composition 
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(2-4) -1 

> J^(y(8)y(A^)) > TQ[Y®N) > Y®N, 

for all N E M. The tensor structure on ^ is given by the identity. That is, 
for any X,Y the natural isomorphisms ^ : ^{Fx®Fy) ^{Fx)®^{Fy) 
are given 

ix,Y,N ■ Fx^y{N) Fx(^y{N), ix,Y,N = id X'^Y®''^'^ N , 

for all N e M. We have to check that for all X,Y, Z e C, N e M the 
following identity holds: 

(2.5) (axYZ^ld N)iS.xYld z)n ix®Y,z,N = (}dx®iYz)N^{axYZ®ldx). 

The left hand side of (j2.5p is equal to (a^yz^id at), the right hand side 
is equal to <I>(axyz®id at), and using (12. 4j) . is equal to 

^^x®{Y®z))m •^(^x®(y®z),jv) i^^yz®^^:F{g(N)))c^x®Y)®z,g(N)('^^®^N) 

= (axyz®idiv)^((i^i.)^^)^^ •^('^("^®y)®z,iv)c^i®y)®z,g(iV)(id 

= (axyzOidAf). 

The last equality follows by (12. Sh . 

□ 

The following definition seems to be well-known. 

Definition 2.3. A cocycle in C is a family of isomorphisms Jx,Y & iiomc{X^Y) 
such that for all X,Y, Z C 

(2.6) axYZ Jxm,z {Jx,Y®ldz) = Jx,Y(^z ildx®JY,z) axYZ, 

(2.7) = idx(g)i, </i,x = idi0x- 

If J is a cocycle in C then there is a new monoidal category, C"^ defined 
as follows. The objects and morphisms are the same as in C. The tensor 
product of C"^ coincides with the tensor product of C on objects. If / : X — > 
Y, g : Z ^ W is a pair of morphisms then 

/§5 = JY,w{f®9)Jx]z- 

Evidently if J commutes with morphisms in C then the tensor category C"^ 
is equivalent to C. 

Let (A4,m, Z) be a module category over C. The following definition is 
due to Donin and Mudrov, see [DMH Definition 5.2]. 

Definition 2.4. A dynamical twist for the extension x C is a cocycle J 
in K C such that J commutes with morphisms in C, that is 

(2-8) Jz,w{Vf(^Vg) = {Vf®Vg)Jx,Y, 

for all / G Homc(X, Z),g£ Homc(y, W). 
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More explicitly, a dynamical twist is a family of isomorphisms 
Jx,Y,M ■■ (X(g)y)®M ^ {X®Y)®M, 
X,Y eC,M £ M such that 
(2.9) 

iaXYZ&dM)Jx^Y,Z,Mmx^Y,Z,M'^^,y,Z'^M^X(X)Y,Z,M = 

= Jx,Y^z,M'm'^^Y^^j^y[{idx^JY,z,M)'rnx,Y^z,M{axYZ&'iM), 

(2.10) ilx&dM)Jx,i,M = (Ix&dM), Ji,x,M(.^x&dM) = (rx&dM), 
for all X,Y,Z eC , M e M. 
Equation (j2.8p implies that 

^z,iy,Af"T-^,\y,M(/<^(5'®idM))m.x,y,M = m'^\^,Mif'S^ig(S)idM))mx,Y,M•^x,Y,M^ 
for all morphisms f : X ^ Z , g : Y ^ W in C, and all M G A4. 

2.2. Module categories coming from dynamical twists. If J is a dy- 
namical twist for the dynamical extension x C we will denote by Ad^"^^ 
the category Ai with the following module category structure; the action is 
the same as in Ai and the associativity isomorphisms are 

rhx,Y,M ■ {X®Y)'^M X®(y®M), inx,Y,M = mx,Y,M'^xxM' 
for ah X,Y eC, M (£ M. 

Proposition 2.5. Let J be a dynamical twist for the dynamical extension 
Mv.C. 

1. M^^'^ is a module category overC. If A4 is indecomposable then so 
is M^'^l 

2. There is a tensor equivalence Ai^'^^ x C ~ {Ai x C)'^ . 

Proof. Straightforward. □ 

The idea of using the module category language in the study of dynam- 
ical twists is due to Ostrik, see |01] . In loc. cit. the author relates the 
classification of module categories over Rep(G), G a finite group, with the 
results obtained by Etingof and Nikshych on dynamical twists over the group 
algebra of the group G ^ENlj . This idea was used with profit in [M] . 

2.3. Dynamical twists and dynamical adjoint functors. Let C be a 

tensor category. Cocycles in C are in bijective correspondence with natural 
associative operations in the space Home. If J is a cocycle then 

® : Homc(y,C/)OHomc(F',C/') ^ Ylonie{V®V' ,Um') 

defined by <t)®il) = {<t)<^ip)Jy]j is an associative operation for all V, U, V', U' € 
C. 



CONSTRUCTING DYNAMICAL TWISTS 9 

The following result is analogous to [DMl^ Lemma 6.1]. 
Lemma 2.6. Assume that there is an associative operation 

® : Homc(F, U)^t Homc(y', U') RomciV^V', U®U') 
for all V, U,V',U' eC such that 

(2.11) (0® V) = V-) (id ® id), 

(2.12) ® C = = C^i^ 

for all morphisms (p, ip, a, f3 in C and ^ € Homc(y, 1). Assume also that for 
any U,V luv = id c/ ® id y is invertible. Then Jjjv = ^UV' U,V ^C, is 
a cocycle in C. 

Proof. The proof is entirely similar to the proof of |DMH Lemma 6.1]. □ 

Let C,C' be two tensor categories. Let (A4,m, Z) be a module category 
over C and {A4',m',l') be a module category over C. Let {R,b) : C ^ C 
be a tensor functor. The following definition is |DMH Def. 6.2] for right 
module categories. 

Definition 2.7. A functor T : A4' M is said to be a dynamical adjoint 
to R if there exists a family of natural isomorphisms 

^x,M,N ■■ Hom^(X® r(M),r(iV)) ^ RomM'iR{XWM,N), 

for all X e C, M,N e M' . We further assume that for any M G M' 

(2-13) (.i,M,Mih{M)) = I'm- 

Remark 2.8. For any M,M',N,N' G M' and X,Y € C and morphisms 
f : N ^ N', g : M -.^ M', a : X ^Y, the naturality of ^ imphes that 

(2.14) / o ^x,m,n{(3i) = UM,N'{T{f)(3i), 

(2.15) ex,M',7v(/52) o (id^(x)®<?) = ex,M,7v(/52(idx<8)T(5))), 

(2.16) ?y,Af,Ar(/33)(-R(a)(»idM) = Cx,M,Af(/53(aOidT(Af))), 

for any /3i € Hom^ (X^ r(M), T(iV)), /Ja G Hom^(X0 r(M'), r(Af)) , 

/33 G HomA^(y^r(M),r(iv)). 

The category A4' is a module category over C via R. The action is given 
hy ^ : C X M' ^ M', X0M = R{X)®M, for ah X G C, M G M' . The 
associativity isomorphisms are 

fhx,Y,M = "T'fl(X),_R{y),M(^^5^®idAf) 

for all X,Y (^C,M e M' . 
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For any pair of dynamical adjoint functors {R, T) we will repeat the con- 
struction given in |DMlj of a dynamical twist for the extension M' k C. For 
this we will define an associative operation in Hom/^'t^c- 

In some sense, the dynamical twist constructed from the pair (R, T) mea- 
sures how far is the functor T from being a module functor. 

Let X,Y,U,V G C and cp : Fx — > Fy, ip : Fjj Fy be morphisms in 
M' K C. So for each M € we have that 4>m ■ R{X)®M R{Y)®M, 
tpM ■ R{U)®M R{V)'®M are morphisms in M' . 

Set 4>M = Cx^MMYWM^'t^M), and = iuMMVWM^"^^)' ^hus we 
define {(p ® tP)m as the image by ^ of the composition 

{XmWT{M) ; X^{Um{M)) ; xm{R{V)'^M) ^ 

^^''^'^"^ ^ T{R{YMR{VWM)) ""^"^^"^^ ) TiR{Y^VWM). 
That is, for all M G M', {(f) ® ifj)M equals to 

Lemma 2.9. For any X,Y,U,V ^ C and morphisms f: X^Y,g^U^ 
V, (f): Fx ^ Fy, Tp : Fu ^ Fy 

(2.17) {rjf ®7]g) = {id y ® id v){Vf(^Vg) ■ 

(2.18) (^)®^p = {(^)(^^p){idx ®^du)■ 
Proof. Using ()2.16p we have that (ryj ® rjg) equals to 

= ^X(g.c/>/,ij(y(g.V')®M(^("^yyM)^y^M,_R(y)^M(id )(/'^idT(M)) 

(id X ^^vMMvmi ('"^ ) (^^'"^ ^(A'^) ) )"^^,C/>T{M) ) 

= ^X®C/,M,R(y®y)®M (^("^yV'M)'^y,M,R(y)®M(^d)(ldy(8)^^^]^^^^^^^^^(ld)) 
(/(8)(5'«)idr(M)))mx,c/,T(A^)) 

= ^X®C/,M,iJ(y^y)®M(^('^yV'Af)^y,M,R(r)^M(^'^)(^'^'*^®^V,M,J?(V')^M(^^ 
"iy,v,T(M)((/®5')®idT{M))) 

= ^X(giC?,M,iJ(y(giy)®M(^("^yyA./)'^y,M,i?(y)^M(^d)(ldy®^^^^^^j:jj.^^^^ 

myy^T(M)){R{f®g)^'^dM) = (id y ® idv)(r?/«)??g). 

The third equality follows from the naturality of m and the fourth equality, 
again, follows from (I2.16p . Thus we have proved (j2.17p . 
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Note that for any : Fx Fy, tp ■ Fjj Fy, equations ()2.14p and 
(j2.15p implies that for any M G Ai' '/'/j(v)®Af(i'i^®V'M) equals to 

^xMu^MMYmm^M) i'i'RivWM (id x^'V'Af )) (id x«) iu\iMU)mM )) • 

Also, using ^M) we get that Cx\uWMMYWi.RiyWM) (<^R(y)^M(idx^V'Af)) 
is equal to 

T{<pR(y)mi ( (id X ®^m)) ^xMu)mi,R(xmm)mi) ) • 

Thus, for any M G M', Cxiu,M,RiY»V)mA('l' ® ^)^^) ^^^^^ *° 
^(^y,V,M'^i?(y)®M((idx0^M))e^'^(^)^j^^^R(^)^(^(^)^A'/)(id)(id^® 

Follows from ^Aij that 

^("^r,V,M'^i?(v)®M((idx®V'M)) = T{{(j)0^)Mm]^]u,M^' 
hence (</) ® V')m equals to 

^x^u,MMY®v)mi iT{{<j)<^i))M '^x,um^^x]r(uwm,r(x)MR{uWm) ) (id x«) 

Using again (|2.14p we get that ((/> ® -0) M equals to 

{(j)0'ip)M ^x^uMMY^vWM {^^'^x,u,m)^x,r{uWm,r{x)MR(uWm) ^^'^ ) (id 

and by definition this is equal to [4>®ilj)Mi}^ x ® '^'^u)m- 

□ 

Definition 2.10. For any X,Y set 

(2.19) /x,y = idx ® idy. 

Lemma 2.11. For any X £C, Ix.i = idxi^idi, Ii,x = idi®idx- 

Proof. By definition, for all M G TW', ?x®i,M,i?(x®i)®M((i^^ ® idi)*/) 
equals to 

(2.20) r(m-;,^^)e-^^(^^-^^^(^^-(^-^^^(id )(idx®ei";,, ))mx,i,M 
Using (jl.Sp and (|2.14p for the map id ^(^x)'^l-M we get that (|2.2Up is equal to 
(2.21) 

T{bx^r'-^x)mM)CxMj^MX)mi^''^R(^)^^'M)(''^^^^^^^^^ 



12 



MOMBELLI 



From (pJij) and (f2J3l) we get that 

Now, using (|1.5|) follows that (j2.21|) equals to 
(2.22) 

From ([2J5]) and (pJ5]) we get that 

thus (j2.22p is equal to 

= r(6x,ir;^-(^)0idA/)C-'^i^^^«(^)^j^^(ii(rx)g5idM). 
Finally, (idx ® idi)M is equal to 

= (&x,ir^(x)'^idM)(-R(rx)<»idM) = idR(x)8)idi(g)idM- 

The equality Ii x = idi(8'idx follows in a similar way. □ 

Lemma 2.12. For any U,V,W,X,Y,Z e C, cf) : Fx ^ Fy , : Fu ^ Fy, 
X- Fz ^ Fw 

{(t)®il:)®x = (t>®bP®x)- 

Proof. The proof is done by a tedious but straightforward computation. 

□ 

The following result is a re-statement of [DMH Prop. 6.3]. 

Theorem 2.13. Let us assume that for any X C,M £ M' the map 

^X^M iJ(X)®Af(^'^ ) ^"^ isomorphism. Then for any X,Y C the maps Ix,Y 
are invertihle and Jx,Y = -^xV ^"^ ^ dynamical twist for the extension Jv[' kC. 

Proof. Once we prove that Ix,Y are invertible for any X,Y € C, the proof 
that Ix^Y ^ dynamical twist for the extension Ai' k C follows immediately 
from Lemmas [Ml [2Jl \2AA\ and [2T2l 

Let X e C, M,N e M and /3 : X®T{M) T{N) be an invertible map 
with inverse 7 : T{N) X®T{M). There exists an / : R{X)®M N such 
that p = ix^Af)- Using UM we obtain that (3 = T{f)^-\,,^^^^^^{id), 
hence / is invertible. Therefore Cx,m,n{P) is invertible. In another words, 
^ maps isomorphisms to isomorphisms. 
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Let X,Y eC, M e M'. By definition 

where 9 = ex'R(y)^M,fl(XM(ij(Y)JM)(id) (id^®?Y,M,iJ(y)®M(id))- By as- 
sumption 6 is invertible, thus T(m^^y^^) 9 mx^Y,T{M) is invertible, hence 
Ix,Y is invertible. □ 

Remark 2.14. For any X,Y C Ix,Y = idx(g)y if and only if the func- 
tor (T, c) : M' ^ M is a module functor, where cx,m ■ T{R{X)®M) 
X®T{M) is defined by cxm = {i~x]M,R{X)mM^'>'^ any X € C, M G 
M'. 

Lemma 2.15. Let T he a dynamical adjoint to R and let J he the dynamical 
twist associated. Then the functor (T, c) : (TW)^''^ M is a module functor, 
where cx,m = (^x!m,r(x)®m(^^ ^""^ any X e C, M e M' . □ 

3. Dynamical twists over Hopf algebras 

In this section we shall focus our attention to the computation of dynam- 
ical twists for a dynamical extension of the category Rep(i/), where H is a 
finite-dimensional Hopf algebras, and we shall give explicit examples. 

Hereafter we shall denote hy H a finite-dimensional Hopf algebra. Let S 
be a left i^-comodule algebra. 

Definition 3.1. A dynamical twist with base S for H is an invertible element 
J G H^^H0^S such that 

(3.1) J S(_2)'X)J S(_i)(8)J S(o) = S(^_2)J ®S(_i) J (8iS(o)<^ for all s € S, 

(3.2) j\i)J^^j\2)J^®fj\-i)(^fj\o) = j^^j\i)J^^f(2)J^(^fj^ 

(3.3) (e, J^) J^^J^ = Ih^Ik = (e, J^) J^® J^. 

Here we use the notation J = J^^J'^^J'^ = j^'^j'^'^j'^ avoiding the sum- 
mation symbol. 

Remark 3.2. Definition 13.11 coincides with the definition of dynamical twist 
over an Abelian group given in [ENl] . [EN2] . 

Definition 3.3. Two dynamical twists for H over S, J and J' , are said to 
be gauge equivalent if there exists an invertible element t € if 05 such that 

{e,t^)t^ = l, 

t^(l)J^^t\2)J^^t^J^ = j^t^^fT^t^(_i)'S)fTh^(^oy 

Here J = J^®J'^®J^, J' = j^^f^f, t = t'^®t^ = T^^T"^. 

The following Lemma is a straightforward consequence of the definitions. 
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Lemma 3.4. Let J be a dynamical twist with base S for H . For any X,Y ^ 
Rep{H), M (£sM define Jx,ym ■ X®iY®^M X®i,Y®^M by 

Jx,Y,Mix'S'y<S)m) = ■ x<^.fl ■ y(^J^ ■ m, 

for all X ^ x,y ^Y,m ^ M . Then J is a dynamical twist for the dynamical 
extension sM. k Rep(i?). 

Moreover, any dynamical twist for the extension s-M. ix Rep(i/) comes 
from a dynamical twist with base S over H . 

□ 

Lemma 3.5. // J and J' are gauge equivalent dynamical twists for H with 
base S then sM^'^^ — s-M^'^ ^ as module categories over Rep(i^). 

Proof. Let {F,c) : s-M^'^'^ — > s-^^"^'^ be the functor defined as follows. For 
any M G sM and X G Rep{H), F{M) = M and cx,m ■ X®^M X®^M, 
cx,m{x®^) = • X® t^ ■ m, for any x G X, m € M. It is easy to verify that 
(F, c) gives an equivalence of module categories. 

□ 

3.1. Dynamical twists and Hopf Galois extensions. Let 5 be a left 
i?-comodule algebra. For any dynamical twist with base S for H there is 
associated a i?-Galois extension with coinvariants S. 

Set B = H*(^kS. The coproduct of H* endows B with a right i7*™P- 
comodule structure, that is (5 : -B — > B(SikH*, 6(a(Sis) = a(2)®"5'^0(i)) for all 
a£H*,seS. Clearly B"""'""" = S. 

If J € H(^fg^H<^kS we endowed B with the following product: 

(3.4) {a(^k){p(S)s) = (Ji ^ a)(j2fc(_i) ^ /3)®j3fc(o)S, 

for all a,l3 e H* , k,s £ S. 

Proposition 3.6. Assume that J G HfE'kH'^ijiS is a dynamical twist with 
base S, then B D S is a H*^°^ -Hopf Galois extension. 

Proof. First we prove that B is an associative algebra with the product 
described in (j3.4p . Let a, /?, 7 G H*, k,s,r £ S, then 

{{a(g)k){p(g)s)){-f(g>r) = ((Ji ^ a)(j2A;(^i) ^ /3)® J^fc(o)s) (7®r) 

= (j\i)<^^^a)(j\2)«/^^(-2)^ /3)(j^'/^(-i)fc(-i)S(_i) ^l)(^fj^{o)k(o)S(o)r. 

On the other hand 

(a(g)A:)((/3(g)s)(7(g)r)) = {a(^k){{J^ /3)(J^S(_i) ^ 7))«'«^^S(o)r 
= ^ a)(i^(i)A;(_i) ^ /3)(j^2)^(-2)'/^S(-i) ^ 7)'^fk^oyfs^o)r 
= a){f(i)J^k^_i) P)if{2)J^k(^_2)S(-i) 7)«'/^^^(o)SW- 

The last equality follows by (|3.ip . From (j3.2p follows that 
((a(g)A;)(/3(g)s))(7(8)r) = (q(8)/c) ((/3(g)s)(7(g)r)) . 
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The proof that B is a ff*'^°P-comodule algebra is straightforward. Let can : 
B(SisB i?(g)k-ff*™P be the canonical map; that is can{a®h) = a6(o) (8)6(1), 
for all a, 6 G In this case, 

can((a®/c)(g)(/3(g)s)) = (J^ ^ a)(J^A;(_i) ^ /9(2))'^'/^^(o)'5®/3(i), 

for all a, /3 G H* ^ k,s S. It is easy to see that the inverse of can is given 
by can-i : B0tH*''°P B(^sB, 

can'^{j(g)r(g>/3) = J'^ (75(/5(2)))(8)l(8)( J"^ ^ /3(i))8)J"V, 

for all 7,/3 G iJ*, r G S. Thus B D S is a i/*^°P-Galois extension. 

□ 

3.2. Dynamical twists coming from dynamical datum. 

In this subsection we shall give a method for constructing dynamical twists 
with base A, where ^ C .ff is a Hopf subalgebra. This construction is based 
on the same ideas contained in |EN1| , [M] without assuming commutativity 
nor cocommutativity of the base of the dynamical twist. 

The following definition generalizes [ENl^ Def. 4.5], see also iMi Def. 3.8]. 

Definition 3.7. A dynamical datum for H over ^ is a pair {K, T) where K is 
a left ff-comodule algebra iJ-simple, with trivial coinvariants, T : Rep(A) — > 
K-M. is a functor such that there are natural iJ-module isomorphisms 

(3.5) ujvw ■■ SiahK{T{V),T{W)) ^ (indf {V®^W*))\ 
for any y, G Rep(^). We shall further assume that 

(3.6) CJyy(l)(&®7) = {e,h){f,v), 
for ah /i G if, G y,/ G V* . 

Two dynamical data {K, T) and (S*, U) are equivalent if and only if there 
exists an element P G ^Mk such that S ~ Endi^(Pft') as //-comodule 
algebras, and there exists a family of natural i^-module isomorphisms 

■■ P®kT{V) ^ U{V), 

for all V G Rep (A). 

Remark 3.8. If {K,T) is a dynamical datum, then for any V G Rep(yl) 

(3.7) dim^(dimr(y))2 = dim/sT (dimy)^. 

These formula follows straightforward from the definition of dynamical da- 
tum and formula (|1.2p . 

Denote by R : Rep(ff) Rep(y4) the restriction functor. 

Proposition 3.9. // {K, T) is a dynamical datum then T is a dynamical 
adjoint to R. 
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Proof. Category k-M is a module category over Rep(-ff) as explained in 
section 11.31 The category Rep(^) is a module category over itself. Let 
V,W e kM and X G Rep(/7). Then 

Homi^(X®k T{V),T{W)) ~ Hom^CX, Stab^f (r(F), r(Ty))) ~ 
Hom/^(X, (Ind;^ {V®tW*)) ~ Hom^and;^ ~ 
~ HomA(F®kW*, ~ HomA(i2(X), W<^kV*) ~ 

~HomA(i?(X)®ky,PF). 

The first isomorphism follows from Proposition 11.21 (3), the second be- 
cause {K, T) is a dynamical datum and the fourth isomorphism is Frobenius 
reciprocity. 

Let us denote by ^ : Homi^(X0k T{V),T{W)) YloraA{R{X)®^V,W) 
the composition of the above isomorphisms. Is clear that ^ satisfies (I2.13P 
since we requested that the isomorphisms oJvw satisfy (|3.6p . 

□ 

Definition 3.10. For any dynamical datum {K,T) we shall denote by Jt 
the associated dynamical twists for the Hopf algebra H with base A accord- 
ing to Theorem 12.131 

In the following we shall prove that the construction of the dynamical 
twist does not depend on the equivalence class of the dynamical datum. 

Proposition 3.11. Let {K,T) and {S,U) he two equivalent dynamical data 
over A. Then Jt is gauge equivalent to Js- 

For the proof we will need first some technical results. From the hypoth- 
esis we know that there exists P € ^M.k such that S ~ Endii-(Px) as 
i?-module algebras and natural isomorphisms 

(Av : P®kT{V) U{V), 

for all V € Rep(A). For any For any X € Rep(i/), V € Rep(74) let us denote 
by 

^ : Homi^(X0k T{V),T{W)) ^ muiA{R{X)®^V,W), 
C : RomsiX^t U{V), U{W)) ^ RomA{R{X)(S)tV, W), 
the family of natural isomorphisms constructed in the proof of Proposition 

For any X G Rep{H), V G Rep(A), M G kM let us define 
ex,M ■■ X(g)^{P^KM) P®K{X®kM) 
as follows. For any x(^X,p£P,m£M 

Ox,M{x®{p®rn)) = P{o)®S^^{p(^_i)) -x^m. 
Let us also define 
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as the composition 

= '/'x®ky(idp(8)C^^y_^^^y(id)) Ox^Tiv) (idx«)(/>^^). 
Clearly, axy and 9x,M are isomorphisms. 

Lemma 3.12. For any X,Y e Rep{H), V,W £ Rep(^), M,N £ kM and 
any morphisms f : X , (3 :V ^ W , g : M ^ N 



(3.8) 






= dx,Y^kM{^'ix^0X,M 


(3.9) 


(idp 


(^idx^g) Ox,M 


= 0x,N (idx(8)idp(8)5f), 


(3.10) 


(id pC 


^f®\dM) Ox,M 


= 6'y,Af(/'8)idp(8)idM), 


(3.11) 




o-y,y(/®idy) 


= U{f&dv)crx,v, 


(3.12) 




crx,w{idx®P) 


= U{idx(^(3) axy- 



Proof. Equations (13. 8p . (|3.9p and (I3.10p are straightforward. By definition 

aYyif&dui^Yj) = </'y®ky(idp(8)Cyyy^j^^(id)) ey^Ty) (id y(g)(?;»^;^)(/0id y) 
= (t>Y®tv{idp®^YyY^uv(^^)) (idp«)/<8)idr(y))6'x,T{v) (idyOc/-^^) 
= ^YtS,uv{^dp<g)S,Yy^y^^yif&dv)) Ox,Ty) (idy®^^^) 

= </'i'®ky(idp(g)r(/(g)idv)Cyy,y$5ky(id)) ^x,t{v) (idy® (py^) 
= U{idx®(3) axy- 

The second equality follows by the naturality of (p and O.lOp . the third 
equality follows by (I2.16p . the fourth by (I2.14p and the fifth again by the 
naturality of (p. Equation 13.121 follows in a similar way. □ 

For any X £ Rep(if), V G Rep(A) set txy : X®kV X(g)tV the 
isomorphism of j4-modules defined as 

i^xy = Cxyx^,,v{axy)- 

Lemma3.13. The maps txy are natural isomorphisms. In particular there 
exists an invertible element t = t^'Sit'^ £ H'S>kA such that for any x £ X,v £ 
y, txyix^v) = t^ - x(g)t'^ - V. 

Proof. Let X,Y £ Rep(-fr) and let / : X — > 1" be any morphism. 

tYy if&dv) = CYyy^^viaYy) (f&dv) = CxyY(^i^,v{aYy{f&duy^)) 
= CxyY^^v{U{f®idv)axy) = (f&dv) Cxyx^^,v{axy) 
= (/®idy)tx,v. 

The second equality follows from (j2.16p . the third by (j3.1ip and the fourth 
one by (j2.14p . The naturality of t in the second variable follows in an 
analogous way using (j3.12p . □ 
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Proof of PropositionlEMi Let X,Y e Rep(F) and V £ Rep(yl). Let 

Ix,YyJx,Yy ■ {X®kY)0kV {X(»kY)(S)kV 
be the isomorphisms defined as 

Ix,Y,v{x®y®v) = Jg^ ■ X® Jg"^ ■ y<^ J^^ ■ v, 

for any x£X,y£Y,v(zV. In another words, the family of natural 
isomorphisms I and I are given by 

Ix,Y,V = ^X<»^Yy,iX(s)uY)<»uv{^xy^^V,X®t{Y(S>^V)(^^'> X^^Y^^^ 

and 

Ix,Y,v = Cx®ky,y,(x®ky)®ky(Cx,V®kV',x®k(y®ky)(^'i) (^^^®Cy,y,y®ky(i'^)))- 
We shall prove that 

(3.13) Ix,Y,v tx<S)tYy = ix,y®kv(idx®iy,y) Ix,y,v- 

Using [XT^ we obtain that 

Qi^Y,v,ix»^Y)^uvi^X'Yy ^x®t,Y,v) = f^(^x,yy)Cx®,yy,(x®,y)®ky(*^®ky,v) 

= U{Ix,Yy)crxig,uYy- 

Now, using the naturality of (J) and the naturality of ^ ()2.14p we obtain 
that U{Ix,Yy) o"xig)^y,y is equal to 

0(x®ty)()5ky(idp«'?xky,y,(x®„y)®ky(^(-^^''^.^))) ^X(B,tY,Ty) (idx®ky(8)(/>y^). 

By definition of the isomorphism Ixyy and (j3.8p this last expression 
equals to 

</'(x®ky)®ky (id p^* ^xy(SkV,x<g)uiY($uV) ) (id CyyY^^vi^^ ))) ^x,y$5kT(y) 

(id X (8) ^x,T(y)) (idx^^y^fAy^), 

and using p.Op equals to 

</'(x«)ky)®ky (i<i p® ?xViX)ky,x®k(y®ty) 

(id)) 

(id x®kP®^y,V,y®ky (id )) (id 6'x,r(y) ) (id x®^Y'S)(t)y^), 
which is equal to 

(^xy^tvi^dx^cTYy). 
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From (12J4j) follows that Cx^^yy,(x®,y)®,y (*^:>'®icV (id x«'ty,y) /x,y,y) 
equals to 

= T(tx,y®kV) T(id X® iY,v)CxlY^^v,x^t.iY»uV) ) (id x(» Cy,y,y®,y (id )) 
= T{tx,Y(^tv) Cx^V$5ky_^jg^(y^^v')(idx(8)tyy)(idxOCyy,y^,y(id)) 
= r(*x,y^kv)Cx,V®kV,x®,(y®,y)(id ) (^^^^ ^(*i',v)Cy,y,y^,y (id )) 

= Cx,V«5,™k(y®kV)(to®kV)(idx®Cyy,y55,y(ty,y)) 
= <7X,Y«>kV{^dx^(TY,v)- 

The second equality follows from (j2.14p . the third by (j2.15p and the fourth 
again from (|2.14p . Thus, we have proven equation (j3.13p . Follows imme- 
diately from ()3.13p that the element is a gauge equivalence for Jk and 
Js- □ 

There is a reciprocate construction, that is, for any dynamical twist over 
A we can associate a dynamical datum as follows. 

Let J be a dynamical twist for the dynamical extension k Rep(i/). 
By Proposition [23] the category is an exact indecomposable module 

category over Rep(-ff), therefore by Theorem 11.31 there exists an i^-simple 
i?-comodule algebra K such that K^°^ and a-M^"^^ — k-M. as module cate- 
gories over Rep(i/). Let us denote by T : a-^^"^^ K-M such equivalence. 

Proposition 3.14. The pair {K,T) as above is a dynamical datum. 

Proof. The proof is entirely analogous to the proof of [Mj Prop. 3.18]. For 
completeness we write the proof. Let V,W & Rep(74), X G Rep(i?) then 

RoinH{X,StahK{T{V),T(W))) ^BomKiX®tT{V),TiW)) ~ 

~ }lomKiT{X^kV),T(W)) ~ }iomA{X®t,V,W) ~ Hom^(i?(X), VF^tl^*) 

^BomAiV0uW*,R{X*)) ^}iomHilnd^iV®i,W*),X*) ~ 

~ BomH{X,lndA (V^kW*)*). 

The first isomorphism is a consequence of Proposition 11.21 (3), the sixth 
isomorphism is Frobenius reciprocity. Thus, the statement follows from 
Yoneda's Lemma. 

□ 

The construction of the dynamical datum from a dynamical twist is not 
canonical but it does not depend on the gauge equivalence class of the dy- 
namical twist. 

Proposition 3.15. Let J, J' two gauge equivalent dynamical twists and 
let (K, T) and {S, U) the dynamical data associated as in Proposition \3.14\ 
Then (K, T) is equivalent to (S, U) . 
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Proof. By construction the functors T : a-^^'^^ kM. and U : a-M.^"^'^ — > 
sA4 are equivalences of module categories over Rep(-fr). By Lema [33] the 
categories aM^-^^ and aM^-^'^ are equivalent. Let G : kM aM^"^^ be 
the inverse of T. The functor U o G : kM. is an equivalence of 

module categories, thus Proposition 11.41 implies that there exists an object 
P G ^M-K such that S ~ End/f(Pft:) as -fT-module algebras and natural 
isomorphisms U{G{M)) ~ P0kM for all M G i^A^. In particular there are 
natural isomorphisms 

U{V) ~ UiG{T{V))) ~ P(>^kT{V), 

for ah V G Rep (A). 

□ 

Remark 3.16. It would be interesting to know, for a fixed Hopf algebra H, 
which module categories are equivalent to a-M^'^^ for some Hopf subalgebra 
A and a dynamical twist J with base A. 

3.3. Some examples. We shall give concrete examples of dynamical datum 
and explicit computations of the corresponding dynamical twist. 

3.3.1. K is an A-Galois extension. 

Let us assume that K is an ^-Galois extension with trivial coinvariants. 
Let us denote by 7 : A ^ K^j^K the map 

7(a) = can"^(a(g)l) = at^'^a^^], 

for all a £ A. 

Let us assume that T : Rep(^) — > k-M. is a functor such that for any 
V,W € Rep (A) there are ^-module isomorphisms 

TiW)^tT{Vy ^ W(S)kV*. 

The A-module structure on T{W)i^kT{V)* is given as follows. Ifw € T(W), 
f G T{V)* and a (£ A, then 

where (/ • k){v) = f{k ■ v), for any k £ K,v € V. This is a well defined 
action, see \AM.\ Lemma 2.21]. 

Lemma 3.17. Under the above conditions {K,T) is a dynamical datum. 
Proof. For any V,W £ Rep(j4) we have that 
StahKiT{V),T{W)) ~ }iomA{H,Romt{T{V),T{W))) 

~ RomAiH,T{W)^kTiV)*) ~ Hom^(//, W^^kF*) 
~ {lnd^V(g)tW*y. 
The first isomorphism follows from (II. 3p . and the last is Lemma ll.ll 

□ 
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3.3.2. Dynamical twists over A{G,x,g)- 

Let G be a finite group, g G Z{G) and x '■ G ^ a character such that 
n=\ g 1 = 1 xig) I and x" = 1- 

Let us denote hy H = A{G, x-,9) the algebra generated by x^g subject to 
the relations: x"' = 0, x/i = xih) hx for all h € G. The algebra A(G,x,g) 
has a Hopf algebra structure as follows: 

A(x) = im + x0g, A(/) = f^f, e{x) = 0, e{f) = 1, 

for all / G G. 

These Hopf algebras are a special class of monomial Hopf algebras. See 
[CYZ] . 

Let A G and let F C G be a subgroup such that g G F. In this case 
A(F,x,g) ^ XjS) is a Hopf subalgebra. Let us denote by A{F,X) the 
algebra generated by elements y, ■ h £ F subject to the relations 

= Al, ehef = ehf, yeh = x{h) ChV, 

for all hj €F. 

Lemma 3.18. Let us denote 6 : A{F, X) —>■ A{G,x, g)^A.{F, X), the map 
given by 

Ky) = 9~^®y - xg'^®l, 5{eh) = h®eh, 
for all h £ F . Then A{F^ A) is a left A(G, x, g)-comodule algebra with trivial 
coinvariants. Moreover, A{F, X) is a A{F,x,g)-Galois extension. 

Proof. Straightforward. □ 

Let i? C F be a subgroup such that Bf] < g >= {!}. Let A be the group 
algebra of the group B. 

Let T : Rep{A) — > _A.iF,x)'^ be the functor defined as follows. For any left 
^-module V, T{V) = 0"^o^ Cvi(E)V. The action of A{F, A) on T{V) is the 
following. For any v£V,i = 0...n — 1, h £ F 

y ■ (Vi^v) = /i Vi-i(g)V, y ■ {vo(g)v) = H Vn^l'^S'V 

g ■ {vi<^v) = x\g) Vi^, eh ■ ivi<^v) = x\h) Vi®h ■ v. 
Here //"" = A is a fixed n-th root of A. 

Proposition 3.19. The pair {A{F, ^)^F) is a dynamical datum for H over 
A. 

Proof. Let V,W £ Rep(A). Since A{F,X) is A(F, x, 5)-Galois, using (fL3]) . 
we obtain that 

Stab^(^,A)(r(F),r(W^)) ^ HomA(i.,;,,5)(A(G,x,<7),Hom(r(F),r(T^)). 

Also, by Lemma ll.lt we have that 

(Ind Jg^'^'^^ V^W*) * ~ HomcB(A(G, x, s), Hom(F, W)). 

Thus, the proof will end if we prove that Homc_B(A(G, x, s), Hom(y, W)) is 
isomorphic to 'H.om^p^^ g'j(A{G,x, g),^om(T{V),T(W)). 
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MOMBELLI 



Let G = (J; Fci, F = (Jj=o ^9'' right coset decompositions of G and F. 
Then the algebra A(G, 5) has a basis consisting of elements {Bg^ x^ci}j^i^i. 
Let us define the maps 

4> : HomcB(^^,Hom(y,W^)) }iom^F^^^g){H,Rom{T{V),T{W)) 

and 

^ : HomA(F,x,s)(^^,Hom(r(F),r(W)) HomcB(/^, Hom(y, W^)) 
defined as follows. If ^ G HomcB(i^, Hom(y, W)) then 

n-l 
s=0 

ip{a){g^x'ci){v) = {pj&d){a{ci){vi(E)v)) 

for any vE:V,k = 0...n — 1. Here pj : 0"=o^ Cwi — >■ C, Pj{wi) = 5ij. 

It is immediate to verify that these two maps are well defined and they 
are one the inverse of each other. 
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